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TOPOLOGICAL SPACES AND LATTICES OF LOWER

SEMICONTINUOUS FUNCTIONS

BY

M. C. THORNTON

ABSTRACT.    Lower semicontinuous real-valued functions on a space  X

form a conditionally complete distributive lattice   L(X).      Those lattices

which   can be represented as   L(X)  for some  X   are characterized algebraically.

All   spaces producing isomorphic lattices are determined.   The class of spaces

which   are determined by their function lattices is introduced.

1.   Introduction and notation.    The purpose of this work is to examine the

relations between the topology of a space  X  and the lattice of its lower semicon-

tinuous real-valued functions   L(X).   The following questions are answered:

Which abstract lattices can be represented as   L(X)  for some space  X?   Which

spaces give isomorphic lattices?   What are necessary and sufficient conditions

on a space  X to have the property that for   T„   spaces   Y,   L(X)  isomorphic to

LÍY)  implies  X is homeomorphic to  Y?   When can the topology be reconstructed

from the lattice?   Up to some homeomorphisms, the collection of spaces with

isomorphic lattices can be considered as a lattice  5 under inclusion.   5  always

has a maximum element  X.   and sometimes a minimum element X„.   If two spaces

X     and  X    of  5  are homeomorphic there is a lattice automorphism of  5  taking

X     to  X .
s z

The above questions were first considered and very nicely answered for the

lattice  CiX)  of closed subsets of a space by Drake and Thron [4] and later by

Blanksma [3].   Both papers also considered the corresponding lattice  5.   Using

recent work of Nel and Wilson (l5li [G]), the general approach for the lattices

C(X)  can be modified to apply to the lattices   L(X).   The details however are

much more complicated.   Instead of single elements, equivalence classes of

ideals of elements must be considered.   The relationship between the topologies

and the lattices is best expressed in terms of functors between the topological

category and a suitable lattice category.    For this reason, the material here is

organized along the lines of [3J.
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Since the characteristic functions for the open subsets are lower semicontin-

uous, the lattice  L(X)  contains at least as much information about the topology

as   C(X).   To show the lattice  L(X)  may say more about the topology, consider

the space   Y = [0, 2] with  ifo, 2]|   r £ [0, 2]\ as a basis for the open sets.   Let

Y = Y - t with the induced topology.   The spaces   V, Y„, Y.,  and   Y.   ate topo-

logically distinct.   The   C   lattices distinguish between   Y  and   Y „  but not be-

tween  Y  and   Y,.   The  L   lattices distinguish between  Y  and   Y„,  and between

Y and   Y,   but not between   Y  and   Y..

A lower semicontinuous real-valued function / of X  will be viewed as a

map /:  X —» R  where here and following R  is the reals with the topology gener-

ated by  {it, oo)|   t £ R\.   The lattice  L(X) has as its elements all such maps.   In

L(X), f <g iff fix) <gix)  tot each x £ X.   Then / V g = max (/ , g)  and /A g =

min (/, g).   With these definitions,  L(X)  is known to be a conditionally complete

distributive lattice.   A subset /  of a lattice M  is an ideal if f, g £ I  implies

/ V g £ I and / £ I, g £ M   implies  f A g £ I.   I  is a prime ideal if / A g e /  im-

plies either   / or g  is in  /.   /  is called closed if whenever /. £ I  and  V  /

exists, then   V /.  is also in /.

All spaces considered will be   TQ  spaces.   The usual closure operator will

be written cl.   Derived sets will be denoted by a prime.   In particular x    is the

derived set of a point.   The front closure operator,  fcl,  is defined by x £ fcl A

iff x £ clfol x n A).   If fcl A = X , then A  is fcl-dense in X.   The  fcl closure

operator is the same as the  ¿-closure of [7j and determines equalizers for  TQ

spaces [6, Theorem 2.1].   A subset A C X has the filter countable intersection

property or  FCI-property, if every open filter |Ga!  in X with  Ga n A / 0 tot

each  a  has nonempty countable intersections.   Lemma 4.1 of [6] gives an equiv-

alent  condition:    A C X  has the FCI-property iff every map /:  X —> R   is bounded

above on A.   A subset is irreducible closed if it is not the proper union of two

closed sets.   Note that  cl x  is an irreducible closed set with the FCI-property

since any / has an upper bound of fix)  on  cl x.   A space with the property that

an irreducible closed set is a point closure is called a pc space.   If irreducible

closed sets with the FCI-property are point closures, the space is called an fc

space.   FCI, pc, and fc were defined and studied in [6].

2.   The functors  L   and   T.    To discover a characterization of those lattices

M  which can be represented as  L(X)  for some  X,  we first consider some neces-

sary conditions.   Suppose  M = L(X).    For each real number r,  the translation

t :  R  —> R  given by  t is) = r + s   is a map.   Define a left  P-action on M, Y:  R

x M —<M  by rfo ,f) = tf.   Then Y   = T | r x zM  is a lattice automorphism M —> M

such that r0(/) = /, Tr(/) > / if  r > 0,  and  Yfif) < / if  r < 0.   Note  Yr  is fixed

point free if r / 0.   Two ideals  /  and  /  will be called equivalent if there is a

r  such that r (/) = /.
r r '
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Let  A   be a closed subset of X.   Then  I(s, A) = \f:   X —* R\  fa) < s  fot all

a e A\  is an ideal of M.   By [5, Proposition 31 , if A   is irreducible closed, then

¡is ,A)  is a closed prime ideal and moreover, every closed prime ideal of M   is

of this form.   Since  Y (/(s, A)) = If + s ,A), /(A) = {/(s, A)|   s e R|  is a complete

equivalence class of closed prime ideals.   Let A  be the set of all irreducible

closed subsets of X  with the FCf-property.   As noted before,  cl x e A fot each

x  in  X.   We shall be concerned with the collection of equivalence classes

{/(A)|  A £ AS.   The closed prime ideal /(0, A)  will be considered as the stand-

ard representative of the class  /(A).

Given any f e M  and /(A)  with  A e A there is a minimum number  r such

that  / e If, A).   In fact  r = sup{/(x)|  x e A ¡.   If A = cl x,     then  r = fix).   For

this reason, let minimum  r  corresponding to A  be denoted by /(A).   It is easily

seen that /=   Vfl {/(/(x) ,cl x)\   x e X\  and so also /=   Vf! {/(/(A),A)|   A e A\.

A subcollection 2 = \liß)\  of classes is called hull-kernel closed if  /(0, C) 7J

0/(0, B.)  and /(B.) e S  implies   /(C) £ 2.   Let {/(s^ ,/4)|   A £ A\  be a set of rep-

resentatives  with  the property that for each s,  the set  X    = {/(A)|   sA < s\  is

hull-kernel closed.   Define the function /:   X —'R  by fix) = s .   .   To show / is

continuous, consider  /"   ((- °o , s]) - \x\   s       < s\.   If y e cl{x|   s .    < s\, then
' '        CÍX — •* '        clx —

cl y C cl U ici x\  s       < s\.   This implies   /(0, cl y) 7> I 1/(0, cl x)  where  s

< s.   Since  /(cl x) e 'S.    which is assumed hull-kernel closed,  /(cl y) £ S     or

s       <s.   Therefore y e \x\s  .    < s\  and / is continuous.   By the way / was de-

fined, / = Vil ¡is    , A).   Also fiA) = sA   can be verified.

The existence of a T-action and the closed prime ideals  /(s, A)  turns out

to be a sufficient condition we were seeking.   Explicitly, define an allowable

P-action on a lattice  M to be a function  Y:  R x M —> M   such that  Y   given by

Tr(/) = T(r,/)  is an automorphism,  r „(/) = /, Yff) > f if r > 0,  Yff) < f if r <

0, and  T T    = T      .   Two closed prime ideals of M  will be called  T-equivalent
' r    s r +s r *

if there is a  Y    taking one onto the other.   We write these equivalence classes

as  PiA) = \Pf ,A)\   r e R\ where  A  £ A  is viewed as an index for the classes.

The members of each class will be indexed by the reals so that  Y (P(s ,A)) =

Pf + s, A).   An equivalence class  PiA)  is called bounded if for any f e M  there

is a minimum number t  such that  / £ Pit ,A).   As before we write fiA)  for this

minimum  t.   A collection X = jP(A)i  is called hull-kernel closed if  P(0, B) 7J

H P(0, C) ¿ 0  and  \PiC .)\ C 1  implies   P(ß) £ 2.   An  R-basis of closed prime

ideals is a collection  W = {P(A)|   A £ A|  of bounded equivalence classes with

two properties:     (i)    /= Vfl ¡P(/U) ,A)\ PiA) e W\ and (ii)   If {Pis a , A a)|

PiA  ) e W\ is a set of representatives such that  S   = {P(Aa)|   sa < r\  is hull-

kernel closed for every real r,  then the expression   Vf I {Pis   , A  )|   PiA  ) £ W\

defines a function / which satisfies f(AA = s   . A lattice has sufficient closed prime

ideals if the collection of all bounded classes of closed prime ideals forms an R-basis.



498 M.C.THORNTON

Theorem 1. A lattice M is isomorphic to L(X) for some topological space

X iff M is a conditionally complete distributive lattice which has an allowable

R-action and an R-basis of closed prime ideals.

Proof.   By the previous remarks if zVl = L(X)  then the translations define

the allowable   P-action and  ¡¡/(A)S  where  A   is an irreducible closed set with the

FCI-property gives an P-basis of closed prime ideals.   Conversely suppose the

lattice  M  with action  Y and  P-basis   W = {P(A)j  is given.   Define the topolog-

ical space  X = @ÍM, W) by saying the points of  X  are the elements of W and

S C X  is closed iff 2  is hull-kernel closed in  W.   Arbitrary intersections of

closed sets, 0 ,  and  X are easily seen to be closed.   Suppose  2    and  2    are

two closed sets and  P(0, C) D fl P(0, B) n fl P(0, D) where  P(S) e £j   and

PÍD) eS2.   If P(0, C)A O PÍO, B) and  P(0, C)A flP(0, D)  choose, f £

Dp(0, B)-P(0, C) and g £ H P(0, £>) - P(0, C).   Then f Ag £ C\ PÍO, B)Ci
Hp(0, D) so f Ag £ PÍO, C).   This contradicts the primeness of  P(0, C).   There-

fore, say,  PÍO, C) A flP(0, B)  and  PÍO eS,uX2.   Thus finite unions of

closed sets are closed and X  is a topological space.   With this topology, the

closure of PÍA)  is easily seen to be  {P(C)|   PÍC) £ W , PÍO, C) A PÍO, A)}.   Thus

if el PÍA) = cl PÍB) , PÍO, A)DPÍ0, B) and P(0, B) 3P(0, A)  or PÍA) = P(ß).

Therefore X  is a  TQ space.

For each f £ M  define the function  Of:  X — R  by  dfíPÍA)) = /(A).   To show

Of is continuous, consider df~ fo(- ■*>, r]) = ,P(A)|  /(A) < ri = ,P(A)|  /eP(r,A)S

and suppose  P(0, C) A fl P(0, A)  where  / £ Pfo, A).   Then / £ H P(r , A) C

Pfo, C)  so  P(C) e df~Xii- e», r])  which is therefore closed.   Note that if / < g

as elements of M,  then g e P(? ,A)  implies  / £ Pit, A)  or /(A) < g(A).   Thus

0/ < 9g so 6:  M —* L(X)  is a lattice homomorphism.   Now suppose  h:  X —» P

is continuous.   Then zr" fofo » ,r]) = |P(A)|  MPfoO) < r\  is closed for each  r.

Consider the collection of representatives  |P(tt(P(A)) , A)j.   According to condi-

tion (ii) of the base  W,   VD Pfo(PfoO), A)  exists and we call it ifrb.   Then

iphiA) = hiPiA)).   This defines a function  (/>:   L(X) —* /M  given by h — i/z/3.   If

h<k  in  L(X)  then  Pfo(P(A)), A) C P(¿(P(A)), A)  for all  P(z4)£X,   Thus  #

< </z¿  and  ^  isa lattice homomorphism.   ipdf =   VI I P(/(A), A) which by condi-

tion (i) of  W  is /.   Oxph  is easily seen to be  h.   Thus  8 and  i/z  are inverses

and 0:  M —» i-(X)  is a lattice isomorphism.

The characterization of lattices representable as lower semicontinuous func-

tions given in Theorem 1 depends upon the additive structure of the reals.   A

characterization solely in lattice terms would be more satisfying.   Analogous

results of Anderson and Blair [l] which characterize rings representable as rings

of continuous functions use the notions of pseudoregular, maximal real ideals,

P-extension, and S-spectra which involve the reals in an essential manner.   Char
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acterizing lattices representable as lower semicontinuous functions or rings rep-

resentable  as  continuous  functions without use of the reals appears to be very

difficult or perhaps impossible.

Conditionally complete distributive lattices which have allowable P-actions

and sufficient closed prime ideals will be the objects in the category called Lat.

The morphisms in Lat ate to arise from and produce continuous functions in Top,

the category of TQ spaces and maps.   The following conditions on lattice homo-

morphisms are exactly those necessary in order to achieve this.   Let  M  and  N

be objects in Lat with P-actions  Y, Y    and bounded closed prime ideal classes

W = {PiA)} , W' = jP'(ß)!  respectively.   A function  <p:   N —> M   is a morphism in

Lat iff r/j satisfies

(1) (fiVaaa)= y^iaf;

(2) cpiaA b) = cpia) A </>(£);

(3) cf>(Yfa)) = rTi<f>ia)),r e R;

(4) fot each  P(A) e W,   there is a  P'(ß) £ W  with  cp(P'(s, B)) C P(s, A)

and such that (bib) e Pis , A)  implies  b e P'is , ß).

Note that the class  P'(ß)  in (4) is unique and because of (3),  4>ib) e Pit ,A)

implies   b £ P'it ,B)  for all  t.

Theorem 2. For X £ Top, let L(X) be the lattice of maps X —» R with an

R-action given by translations of R, For f: X —> Y define Lif): LiY) —* L(X)

by  Lif)ig)ix) = gifix)).   Then  L:  Top —> Lat  is a contravariant functor.

Proof.   Let L(X) = M , L(Y) = N  and  Lif) = cp.   L   is easily seen to preserve

compositions and identities,   tzj  clearly satisfies properties (1), (2), and (3).   To

verify (4), let  lis, A) C M with A     an irreducible closed FCI set.   Then  cl fiA)

= B  is a closed set which is also seen to be irreducible and FCI in   Y.   Thus

/(B)  is a bounded class of closed prime ideals in  N,   Let g e /(s , ß)  and x £

A,   Then   cpig)ix) = gifix)) < s  since fix) e B.   Therefore  cpUis ,B)) C ¡is , A).

Suppose  g £ N and  cpig) £ ¡is , A).   Since  g(cl fiA)) C cl gifiA)) C (- °° , s] , we

have  g e l(s , ß)  as required.

Theorem 3.   For M £ Lat,  let   T(M)  be the space whose points are the

bounded classes of closed prime ideals in  M  and whose closed sets are the

hull-kernel closed subsets.   For <p:   N —> M define  Tich):  TiM) —» T(/V)  by

T(c!>)(P(A)) = P'iB) where  P'(ß)  is determined by property (4).   Then  T:   Lat -.

Top  is a contravariant functor.

Proof.    It is only necessary to prove that   T(rp):  TiM) —» T(/V)  is continuous.

Let  2 = {P'iB)\ be a closed set of  T(/V).   To,show   Ticp)~ '(2) = |P(A)|   T(cS)(P(A))
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e IS  is closed suppose  P(0, D)Ar\PiO, E .) where   PÍE .) £ Ticp)~Xil).   Let

TÍep)ÍPÍD)) = P'iF) and  Tfo>)(P(F .)) = P'ÍG).   Thus   ei(P'(0, G.)) C P(0, E.) and

<¿(P'(0, F))CP(0, D).   So (/.(Op'fo, G.))C flç6(P'(0, G.)) C fl PÍO, E.) C P(0, D).

Then by property (4),   H P'(0, G.) C P'(0, F).   Since   P ÍG ) £ I and  2  is closed,

P'(F) £ I  or  P(D) e Tfo^-foS).   Therefore   T(<?S)  is continuous.   Note that   T ap-

plied to a lattice  L(X) is the  0  construction  of [5] if all irreducible closed sets

have the FCI-property.

To describe the relations between the functors   L  and  T, two functions are

necessary.   For  X £ Top, define  ?"x:  X — TLÍX) by  Txix) = /(cl x).   For  M £

Lat, define  6M: M — LTÍM) by $Míf)ÍPÍA)) = fÍA) as in Theorem 1.   The proof

of the following lemma is straightforward and is omitted.   Lemma 4 and Theorem

5 are the analogues of §2 in [3].

Lemma 4.   (1)   T   : X —* TLÍX)  is a homeomorphism into.

(2) t = \tx\:  Identity —* TL   is a natural transformation.

(3) 6M: M —' LT(zW)  is a lattice isomorphism.

(4) 6 = |(foS:  Identity —> LT is a natural equivalence.

(5) TivM>TT,M) = lT(M)-

(6) LÍtx)6L{x) = 1L(X).

Theorem 5.    T and L  are adjoint functors on the right.

Proof.    To show   HomT     (X, T(zM)) is naturally equivalent to  Horn,      ÍM, L(X)),
l op '      * t^at

let  g:  X  —» TÍM) be a morphism in  Top and  ep: M      ' L(X) a morphism in  Lat.

Define a(g) = Lig)6M and /3(ci) = Tfofo^.   Then  ßaig) = ßiLig)dM) = T(L(g)ÖM)rx

= TÍdM)TLÍg)rx = TÍdM)rT(M)íg) = lT(M)(g) = g.   Also aßi<ß) = aÍTÍcP)^) =

LÍTÍcP)tx) 6M = LÍTx)LTÍep)6M = Lfox)öL(X)c5 = lL(x)fo>) = c¿.   Therefore   a  and

/3 are inverse functions.   To show  ß is natural suppose  h:   Y —> X is in  Top and

\p: N —» M is in LaL   Consider the diagram:

/3
Horn,     (M, L(X)) -.HomT     (X, T(zM))

L«t / op

L(h)(-)P T(4>)(-)h

Horn.     (N, L(Y))- HomT    (Y, T(N))
ca1 lop

Let  ep:  M —> L(X).   Going across then down gives   Tiip)ßiep)h = TÍip)TÍcp)rxh.

Going down then across yields  ßiLih)ep ■ \p) = TÍLÍh)cptp)rx = TÍip)TÍep)TLÍh)rx =

Tiip)Tiep)rxh,  so the diagram commutes.   The naturality for a  is proven similarly.
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3. Spaces with isomorphic lattices. Let M e Lat have an P-basis W. Re-

call from the proof of Theorem 1 that @(M, W) is the space whose points are the

classes in W and the topology is given by the hull-kernel closed subsets. If W

consists of all bounded classes of closed prime ideals, then 0(M, W) = T(/Vl). If

W does not contain all bounded classes, then ©(M, W) C TiM).

Theorem 6.   //  L(X)  is isomorphic to  M, then X  is homeomorphic to 0(zM, W)

for some  R-base  W.   /tí particular,  X  is homeomorphic to 0(L(X), W) where  W =

{/(cl x)\  x eX\.

Proof.   Let  cp:  L(X) —» M be an isomorphism.   Set  W = SçS/(cl x)\  x e X\

where  cplicl x) is the equivalence class of  (piliO, cl x)).   Define a function  h:

X —^ ®(M, W) by hix) = cplicl x).   Clearly  h is one to one and onto.   For a sub-

set  C C X, hiC) = {<p7(cl x)\ x e C).   Suppose  C  is closed and  <p/(0, cl y) 3

H (pliO, cl x.) where x. £ C.   Then Ü0, cl y) D f) /(0, cl x.) and cl y C cl U cl x.

C C.    Thus    y  £ C, cplicl y) £ ¿(C)  and   hiC)    is closed.     Conversely, if hiC)

is closed and y £ cl C,  then  cl y C cl C  so /(0, cl y) 3 ' I /(0, cl x), x e C.

Therefore  cS/(0, cl y) A H 0/(0, cl x) and  <p/(cl y) £ hC.   Thus  y £ C  and  C  is

closed.   Hence  h is a homeomorphism.

Since  L0(M, »0 « M » LTiM),  the inclusion  0(M, W) C TiM) gives an ex-

ample of a proper subspace with the same lattice of functions.   A natural question

is for which subspaces  Z C X  does the inclusion give an isomorphism  LiZ) a¡

Fix)?   By [5, Theorem 6], if LiZ) « L(X) then  Z and  X  have isomorphic lat-

tices of closed sets.   By §§ 2 and 3 of l3], a necessary condition is therefore

that  Z be superdense in  X.   Superdense was first defined by Blanksma [3] to

mean property (1) of the next lemma.   Here it is more convenient to view it as fcl-

dense.

Lemma 7.    Let  Z  be a subspace of X.   Then the following are equivalent:

(1) If P and Q are closed in  X and P O  Z = Q D Z  then   P = Q.

(2) // P   is closed in  X,  then cl(P O Z) = P.

(3) Z  is  tel-dense in  X.

Proof. Suppose P is closed in X. Since cl (P O Z) meets Z in P n Z, by

(1) cl iP n Z) = P. Conversely if both P and Q ate closed and if Pn Z = Q n

Z then P = cl (P n Z) = cl (Q n Z) = O so (1) and (2) are equivalent. Assume Z

satisfies (2) and let x £ X - Z. Then cl x = cl (cl x O Z) so x e cl (cl x n Z ) =

cl(x H Z) or x £ fcl Z. Thus fcl Z = X. Conversely suppose fcl Z = X and P

is closed. Clearly cl (P H Z) C P and P O Z C cl (P n Z). Let p £ P - Z. Then

/7(p) nclrzHZ/0 and so   Uip) C\  P C\ Z 4 0   for all open sets   U  about p.
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Therefore  p £ cl (P n Z) or  P - Z C cl (P O Z).   Thus  cl (P H Z) = P  and (3)   is

equivalent to (2).

Lemma 8. Let Z be tcl-dense in X, Suppose g: Z —> P is a map which is

bounded above on x Ci Z for each x £ X — Z. Then f: X —> P defined by fix) -

supi/(z)|   z £ cl x H Zj  is the unique continuous extension of g.

Proof.    For x £ Z, g~  ((- oo, gfo)]) is closed and contains  x,  so gfo) <

gix) if z £ cl x n Z.   Thus /(x) = g(x) and / extends  g.   Since equalizers are

fcl-closed [6, Theorem 2.1 J, the extension / must be unique if it exists.   Since

Z  is fcl-dense,  cl x Ci Z ^ 0 so /fo) is defined for every x.   To show  / is

continuous, we show /"   iir, oo)) is open.   Since g  is continuous, g~   iir, °°)) =

F  is an open subset of Z.   Thus there is a (unique) open  F  in  X with   U = VCi

Z.   Let x 6 V.   Then   KnchnZ/^socIïn!//   0.   Thus there is a z e

dïfl i/Cclxn  Z  with gfo) > r.   Therefore /fo) > r and x £ f~   iir, oo)).   Hence

V C /"   ((r, oo)).   Conversely, suppose  x 4 V.   Then  cl x C X - V  and  cl x Ci Z

C Z - U.   Then g | cl x C Z  is bounded above by  r.   Thus  fix) <r, x 4 f~  iir, °°))

and rXiir, «)) C V.   Thus  /_1((r, oo)) = F  is open.

Theorem 9.    Le/,   z':  Z —» X  fre /¿e inclusion of an tcl-dense subspace.   Then

the following are equivalent:

(1) L(z'): L(X) —* LÍZ) is an isomorphism.

(2) Let A  be closed in  Z.   Then A  has the  FCI-property in Z  iff clx A

has the FCI-property in X.

(3) For each x £ X — Z, x   Ci Z has the FCI-property in Z.

Proof.   Suppose the restriction map L(i) is an isomorphism.   If clx A  has

the FCI-property in X and g: Z     > P  is given, g  extends to / which is bounded

on  clx A.   Therefore  g  is bounded on  clx A O Z  and A  has the FCI-property

in Z.   Now suppose A  has the FCI-property in Z and /: X —> R  is given.

Then g = /|Z  is bounded above on  A.   Since  A   is closed in  Z,  A  is fcl-dense

in clx A.   By Lemma 8, the values of / on  clx A   are sups of the values of g

on A  which are bounded.   Therefore  clx A  has the FCI-property in  X.   Now

assume condition (2) and let x £ X — Z.   Then clxPlZ = x   Ci Z  is closed in

Z  and clx ix   Ci Z) = cl x has the FCI-property in  X.   Therefore  x   O Z  has the

FCI-property in  Z.   By Lemma 8, condition (3) implies any g'  Z —> R  extends

uniquely to /: X—>R  and so  L(z')  is an isomorphism.

A subset  Z C X  will be called extension dense or ext-dense in  X  if it sat-

isfies the conditions of Theorem 9.   Thus ext-dense implies fcl-dense implies

dense and neither implication is reversible.
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Corollary 10.   For each  R-base   W  of M  in Lat, 0(/W, W)  is ext-dense in

TiM).

Proof.   In the construction of Theorem 1,  0: M     * LTiM) and  6W: M —>

L(0(zVl, W)) ate both lattice isomorphisms and are related by  &w = Lii)0.   Hence

L(z') is an isomorphism.   Let  Z = 0(zM, W) and  X = TiM).   Suppose  x e X — Z

has a neighborhood   U with   U n cl x n Z = 0.   Then / defined by /(y) = 0 if

y £ cl x, fiy) = 2  if y e X - cl x and g defined by giy) = 0 if y £ cl x O (X - U),

giy) =1   if y £ cl x O 17,  and giy) = 2  ify£X-clx are two different contin-

uous functions on  X whose restrictions to Z  are the same.   This contradicts

L(z') being one to one.   Hence no such x can exist and  Z  is  fcl-dense in  X.

Then by Theorem 9,  0(M, W) is ext-dense.

Theorem 11. For M e Lat, the collection of all spaces X with L(X) z'so-

morphic to M consists of all spaces homeomorphic to either TiM), which is an

fc  space, oran ext-dense subspace of T(zW).

Proof.   If L(X) « M,  then by Theorem 6,  X  is homeomorphic to 0(zW, W)

which, by Corollary 10, is ext-dense in   T(zM).   Since  M  is isomorphic to  LT(zM),

TiM) is homeomorphic to   TÍLTÍM)).   But by [6, §'4],  T(L(V))  is an fc space for

any space   Y.   Note that this theorem determines the inverse image of the epi-

reflection onto the  fc  spaces defined in [6].

Proposition 12.   A proper ext-dense subspace  Z of an fc  space X  is not

an fc space.

Proof.   Suppose  x £ X - Z where  Z  is ext-dense in the  fc  space  X.   Since

civ- x  is an irreducible closed FCI set in  X,  clx x n Z  is irreducible closed

and FCI in  Z.   If Z  is an  fc  space, then there is a  z such that  clz z =   cL, x

f"1 Z.   But clz z = cl^- z O Z.   So by Lemma 7, cl^- Z = cl^ x or z = x which

is a contradiction.

Proposition 13.   // /:  Y —> Z is a homeomorphism between two ext-dense sub-

sets of an fc space  X,  then f extends uniquely to an ambient homeomorphism

h: X — X.

Proof.    Let  x £ X.   Then  cl x n V  is an irreducible closed FCI-set of   Y

hence fiel x n Y) is an irreducible closed FCI set of  Z.   Therefore

cl /(cl x n Y) is an irreducible closed FCI set of X  and as such is the closure

of a point, say  zzz.   Thus fiel x n Y) = cl w O Z.   Define  Mx) = tzz.   The same

construction using the homeomorphism /"     produces the inverse of h,  so  h is

one to one and onto.   If y £ V, fiel y n V) = /(cly y) = clz fiy) =cl /(y) n Z and also

/(cl y n y) = cl hiy) O Z.   Thus  cl hiy) = cl /(y) by Lemma 7, or My) = fiy)
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and h extends /. To show A is a closed map let F be a closed subset of X.

Then V n Y is closed in Y and fíV O V) is closed in Z. Therefore there is a

unique closed set of X, W, such that fíV O Y) = W O Z. To show híV) = W let

p £ V. Then cl p n Y C V n Y, so (cl ¿fo)) C\ Z = fiel p n V) C fíV n Y) = W n

Z. Since Z is fcl-dense, cl ¿fo) C W or hip) £ W and ¿fofo C W. Similarly

¿-1(W) C F or W C ¿(V) and so híV) = W is closed. Likewise h~X is a closed

map and h is a homeomorphism. The extension ¿ is unique because Y is fcl-

dense.

Recall that a pc space L6J is a space where every irreducible closed set is

the closure of some point.   A  TD   space L2 ] is a space where the derived set x

is closed for each x £ X.   A space  X has the property that  C(X) isomorphic to

CÍY) implies  X  is homeomorphic to   Y  iff X  is both a pc and a   TD   space (see

[4] or [3]).   To obtain the corresponding theorem for the lattices   L(X),  both

categories of spaces need to be enlarged.   The fc spaces properly contain the

pc spaces.   A space  X   will be called a  T    space if for each  x £ X,  either x

is a  G g  set or x    is closed.   Thus the  T     spaces properly contain the   TD

spaces.

Lemma 14.   X has no proper ext-dense subspaces iff X  is a  T    space.

Proof.   Suppose  X has no proper ext-dense subspaces and let x £ X.   If x

is closed,  X — x is not fcl-dense.   If x    is not closed,  X — x  is fcl-dense and

so there must be a map g: X — x —> P  which is unbounded on  x .   Define   U    =

g~   iin, 00)).   Then  U    7J U    ~) • . •  is a sequence of nonempty open sets, each

meeting x    and  I I U    = 0 •   Let  V    be the unique open set of X with   V     n

(X - x) = U  .   It x 4 V    then  clxCX-V    orclxCX-F    which contradicts
77 77 77 77

x' PI V   4 0-   Therefore  x £ V     01  U   u x = V     is open.   Thus   V,  3 V, 0 • • •
n 72 n n r 12

is a sequence of open sets,  \\V. — x, x  is a  G g  set, and X  is a   T    space.

Conversely, suppose  Z  is an ext-dense subset of the  T    space  X.    If

x £ X — Z,  since Z  is fcl-dense, x  C\ Z has  x as a limit point.   In particular

x    is not closed, so open sets   Fj 3 V    D •••  exist with (|   F. = x.   Define  /:

X - x — R by fiy) = n if y £ Vn - Vn+r   Since   f) F. =x, f is defined for all

y ■/ x.   If 772  is the greatest integer less than or equal  r + 1, /     ((— °°, r]) =

(X - x) - V     and hence / is continuous.   Each  V    meets  x    so  / is unbounded
777 ' 72 '

on  x .   Let g = f\Z.   Then g  is bounded above on  y   n Z by gfo).   If g  is

bounded above on x   Ci Z,  by Lemma 8 there is an extension  ¿:  X —» P  of g.

Then k\X - x  is an extension of g and by uniqueness,  / = ¿ | X - x.   However

k  is bounded above on x    by ¿fo).   Therefore g  is not bounded above on  x' O

Z  and g  does not extend to all of X.   This means  Z  cannot be a proper ext-

dense subset of  X.
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Theorem 15.    X has the property that  LiX)  isomorphic to  LÍY) implies  X

is homeomorphic to  Y iff X  is an fc and T„ space.

Proof.    Suppose  L(X) isomorphic to  L(Y) implies  X   is homeomorphic to   Y.

Then since  L(X) ~ LiTLiX)), X  is homeomorphic to  TLiX) which is an fc space

by Theorem 11.   If X is not a  T    space, by Lemma 14 it has a proper ext-dense

subset Z.   By Theorem 9,   L(X) * L(Z),  yet X  is not homeomorphic to  Z  since

by Proposition 12,  Z  is notan fc space.   Therefore  X  is both an fc  and  T

space.   Conversely let X be an fc and T    space.   By Theorem 6 and Corollary

10, if  L(X) ~ L(Y) * M, both   X and   Y ate homeomorphic to ext-dense subsets

of  T(zW).   But  TiM) = X  since both are fc spaces and   Y = X  since  X  has no

proper ext-dense subsets.

From the proof of Lemma 14 it is clear that if  Z is ext-dense in  X  and  x

is either a  Gj  set or has x    closed, then x £ Z.   Since  0(M, W) is ext-dense

in   TiM) this means that if  PiA) is a bounded class of closed prime ideals in

M  and either  PÍA)'   is closed in   TiM) or  PÍA)  is a   G?  set, then   P(A) e

0(A1, W),  that is   PÍA) must be in the basis  W.   Hence the intersection of all  R-

bases of  M contains all those bounded classes which are  Gg  in the hull-kernel

topology or have hull-kernel closed derived sets.   It follows that if the collec-

tion of all such bounded classes forms an P--basis, it must be a minimum basis

W   .   Then 0(M, W   ) is a   T    space which is homeomorphic to an ext-dense sub-72Z Z72 F       r r

set of any space   Y with  L(Y) ~ M.   Conversely, if M has a representation as

LiZ) where  Z  is a  Tp space, then such a minimum P-basis for  M exists.   Z,

if it exists, can be considered as a minimum space in the collection of all spaces

X  with  L(X) ä M   just as the fc space   TÍM) can be considered as the maximum

space.   These remarks prove our last theorem.   The corresponding result for fc

spaces is already known l6, Theorem 4.5].

Theorem 16.    Let  X and  Y be two  Tp spaces.   Then  L(X) « LÍY)  iff X

is homeomorphic to   Y.
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