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ABSTRACT. Lower semicontinuous real-valued functions on a space X
form a conditionally complete distributive lattice L(X). Those lattices
which can be represented as L(X) for some X are characterized algebraically.
All spaces producing isomorphic lattices are determined. The class of spaces

which are determined by their function lattices is introduced.

1. Introduction and notation. The purpose of this work is to examine the
relations between the topology of a space X and the lattice of its lower semicon-
tinuous real-valued functions L(X). The following questions are answered:
Which abstract lattices can be represented as L(X) for some space X? Which
spaces give isomorphic lattices? What are necessary and sufficient conditions
on a space X to have the property that for T, spaces Y, L(X) isomorphic to
L(Y) implies X is homeomorphic to Y? When can the topology be reconstructed
from the lattice? Up to some homeomorphisms, the collection of spaces with
isomorphic lattices can be considered as a lattice S under inclusion. § always
has a maximum element X, and sometimes a minimum element X . If two spaces
X, and X, of S are homeomorphic there is a lattice automorphism of § taking
X, to X,.

The above questions were first considered and very nicely answered for the

lattice C(X) of closed subsets of a space by Drake and Thron [4] and later by
Blanksma [3]. Both papers also considered the corresponding lattice S. Using

recent work of Nel and Wilson ([5], [6]), the general approach for the lattices
C(X) can be modified to apply to the lattices L(X). The details however are
much more complicated. Instead of single elements, equivalence classes of
ideals of elements must be considered. The relationship between the topologies
and the lattices is best expressed in terms of functors between the topological
category and a suitable lattice category. For this reason, the material here is

organized along the lines of [3].
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496 M. C. THORNTON

Since the characteristic functions for the open subsets are lower semicontin-
uous, the lattice L(X) contains at least as much information about the topology
as C(X). To show the lattice L(X) may say more about the topology, consider
the space Y =[0, 2] with {(r, 2]| 7 € [0, 2]} as a basis for the open sets. Let
Y, =Y -t with the induced topology. The spaces Y, Y, Y, and Y, are topo-
logically distinct. The C lattices distinguish between Y and Y, but not be-
tween Y and Y,. The L lattices distinguish between Y and Y, and between
Y and Y, but not between Y and Y,.

A lower semicontinuous real-valued function [/ of X will be viewed as a
map f: X — R where here and following R is the reals with the topology gener-
ated by {(¢, )| t € R}. The lattice L(X) has as its elements all such maps. In
L(X), f < g iff f(x) < g(x) for each x € X. Then [V g = max(f,g) and A g =
min(f,g). With these definitions, L(X) is known to be a conditionally complete
distributive lattice. A subset I of a lattice M is an ideal if /, g € ] implies
fVgeland f€l, g €M implies fAgel. I is a prime ideal if fA g €1 im-
plies either f or g is in I. I is called closed if whenever /, € and V /;
exists, then V {; is also in I.

All spaces considered will be T, spaces. The usual closure operator will
be written cl. Derived sets will be denoted by a prime. In particular x' is the
derived set of a point. The front closure operator, fcl, is defined by x € fcl A
iff x € cllclxn A). If fcl A =X, then A is fcl-dense in X. The fcl closure
operator is the same as the b-closure of [7] and determines equalizers for T,
spaces [6, Theorem 2.1]. A subset A C X has the filter countable intersection
property or FCl-property, if every open filter {G,} in X with G, N A £ & for
each a has nonempty countable intersections. Lemma 4.1 of (6] ;gives an equiv-

alent condition: A CX has the FCI-property iff every map f: X — R is bounded
above on A. A subset is irreducible closed if it is not the proper union of two

closed sets. Note that cl x is an irreducible closed set with the FCl-property
since any { has an upper bound of f(x) on clx. A space with the property that
an irreducible closed set is a point closure is called a pc space. If irreducible
closed sets with the FCl-property are point closures, the space is called an fc

space. FCI, pc, and fc were defined and studied in [6].

2. The functors L and T. To discover a characterization of those lattices
M which can be represented as L(X) for some X, we first consider some neces-

sary conditions. Suppose M = L(X). For each real number 7, the translation

t: R —R given by t,(s) =7+ s is a map. Define a left R-actionon M, I': R
xM—M by T'(r,) =t/ Then I' =T|7xM is a lattice automorphism M — M
such that T'(() =/, T () >/ if r>0, and I" (/) <f if r <0. Note I'  is fixed
point free if 7 £ 0. Two ideals | and ] will be called equivalent if there is a

I’ such that I’ (1) = ].
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Let A be a closed subset of X. Then I(s,A) ={f: X —=R| f(a) <s for all
a € A} is an ideal of M. By [5, Proposition 3] ,if A is irreducible closed, then
I(s ,A) is a closed prime ideal and moreover, every closed prime ideal of M is
of this form. Since ' (I(s, A)) = I(r + s ,A), I(A) = {I(s, A)| s € R} is a complete
equivalence class of closed prime ideals. Let A be the set of all irreducible
closed subsets of X with the FCl-property. As noted before, cl x € A for each
x in X. We shall be concerned with the collection of equivalence classes
{1(A)| A € A}. The closed prime ideal {0, A) will be considered as the stand-
ard representative of the class I(A).

Given any [ € M and I(A) with A € A there is a minimum number 7 such
that [ € I(r,A). Infact r = supif(x)| x € A}. If A=clx, thenr=f(x). For
this reason, let minimum r corresponding to A be denoted by f(A). It is easily
seen that [ = VN {I(f(x) ,cl x)| x € X} and so also | = vN {I(f(A), A)| A € AL
A subcollection 2 = {I(B)} of classes is called hull-kernel closed if 1(0, C) D
Nio, B,) and I(B)) € X implies I(C) € X. Let H(s, ,A)| A € A} be a set of rep-
resentatives with the property that for each s, the set £_=1{I(4)] s, <s} is
hull-kernel closed. Define the function f: X — R by f(x) =s_ . To show f is
continuous, consider [~'((~ e, s]) ={x| s <sh If y e clix] s, < s}, then
cly Cel Ufcl x| s <sh This implies 10, cly) DN, clx) where s
<s. Since I(clx) € ZS which is assumed hull-kernel closed, I(cly) € 25 or
Sqy < s- Therefore y € {x|s 4, <s} and [ is continuous. By the way [ was de-
fined, f = VN I(s,,A). Also f(A)=s, can be verified.

The existence of a [-action and the closed prime ideals I(s,A) turns out
to be a sufficient condition we were seeking. Explicitly, define an allowable
R-action on a lattice M to be a function I': R x M — M such that 1“, given by
[ (/) =T(,/) is an automorphism, rn=7 C(>fif r>0, C(N<fifr<
0, and I'T =T . Two closed prime ideals of M will be called ["-equivalent
if there is a Fr taking one onto the other. We write these equivalence classes
as P(A) ={P(r ,A)| r € R} where A € A is viewed as an index for the classes.
The members of each class will be indexed by the reals so that I' (P(s ,A)) =
P(r + s, A). An equivalence class P(A) is called bounded if for any f € M there
is a minimum number ¢ such that f € P(z ,A). As before we write f(A) for this
minimum ¢. A collection 2 = {P(A)} is called hull-kernel closed if P(0, B) D
N P(0, Cl.) # & and {P(Ci)§ CZ implies P(B) € 2. An R-basis of closed prime
ideals is a collection W ={P(A)| A € A} of bounded equivalence classes with
two properties: (i) f= VIV {P(/(4),A)| P(A) € W} and (i) If {P(s_,A)]
P(A)) € W} is a set of representatives such that £ ={P(A )| s, <r} is hull-
kernel closed for every real r, then the expression VN {P(s,, A)| P(A)) e W}

defines a function [ which satisfies /(Aa) =5, A lattice has sufficient closed prime

ideals if the collection of all bounded classes of closed prime ideals forms an R-basis.
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Theorem 1. A lattice M is isomorphic to L(X) for some topological space
X iff M is a conditionally complete distributive lattice which has an allowable

R-action and an R-basis of closed prime ideals.

Proof. By the previous remarks if M = L(X) then the translations define
the allowable R-action and {I(A)} where A is an irreducible closed set with the
FCI-property gives an R-basis of closed prime ideals. Conversely suppose the
lattice M with action ' and R-basis W = {P(A)} is given. Define the topolog-
ical space X = @M, W) by saying the points of X are the elements of W and
2 C X is closed iff 2 is hull-kerns1 closed in W. Arbitrary intersections of
closed sets, &, and X are easily seen to be closed. Suppose 21 and 22 are
two closed sets and P(0, C)D N P(0, B) n N P(0, D) where P(B) € X, and
P(D) € 3,. 1 P(0,C) 3 NP0, B) and P(0, )7 MNP0, D) choose, f €
NP0, B) - P(0, ©) and g € (Y P(0, D) — P(0, C). Then /A g €l P(0, BN
N P(0, D) so /A g € P(0, C). This contradicts the primeness of P(0, C). There-
fore, say, P(0, C) 2 (P(0, B) and P(C) € £, U =,. Thus finite unions of
closed sets are closed and X is a topological space. With this topology, the
closure of P(A) is easily seen to be {P(C)| P(C) e W, P(0, C) DP(0, A)}. Thus
if cl P(A) = cl P(B), P(0, A)DP(0, B) and P(0, B) DP(0, A) or P(A) = P(B).
Therefore X is a T space.

For each [ € M define the function 6f: X — R by 6f(P(A4)) = f(A). To show
6f is continuous, consider 6/~ 1((= oo, r]) = {P(A)| (A) <r}={P(A)| f€ P(r,A)}
and suppose P(0, C) D P(0, A) where f € P(r, A). Then [ € NPe,4) C
P(r,C) so P(C) € 8f~'((~ 0, 7]) which is therefore closed. Note that if [ <g
as elements of M, then g € P(¢t ,A) implies [ € P(¢,A) or f(A) < g(A). Thus
6f <0g so 6: M — L(X) is a lattice homomorphism. Now suppose h: X — R
is continuous. Then h~!((=  ,7]) = {P(A)| h(P(A)) <r} is closed for each r.
Consider the collection of representatives {P(h(P(A)), A)}. According to condi-
tion (ii) of the base W, VN P(5(P(A)), A) exists and we call it ¥h. Then
Uh(A) = h(P(A)). This defines a function ¢: L(X) — M given by b — ¥b. If
h <k in L(X) then P(h(P(A)),A) C P(k(P(A)), A) for all P(A) € X. Thus b
<Yk and ¥ is a lattice homomorphism. Y6f = VN P(f(A), A) which by condi-
tion (i) of W is f. OYb is easily seen to be h. Thus 6 and ¢ are inverses
and : M — L(X) is a lattice isomorphism,

The characterization of lattices representable as lower semicontinuous func-
tions given in Theorem 1 depends upon the additive structure of the reals. A

characterization solely in lattice terms would be more satisfying. Analogous
results of Anderson and Blair [1] which characterize rings representable as rings

of continuous functions use the notions of pseudoregular, maximal real ideals,

R-extension, and S-spectra which involve the reals in an essential manner, Char-
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acterizing lattices representable as lower semicontinuous functions or rings rep-
resentable as continuous functions without use of the reals appears to be very
difficult or perhaps impossible.

Conditionally complete distributive lattices which have allowable R-actions
and sufficient closed prime ideals will be the objects in the category called Lat.
The morphisms in Lat are to arise from and produce continuous functions in Top,
the category of T spaces and maps. The following conditions on lattice homo-
morphisms are exactly those necessary in order to achieve this. Let M and N
be objects in Lat with R-actions I', I'" and bounded closed prime ideal classes
W ={P(A)}, W' = {P'(B)} respectively. A function ¢: N — M is a morphism in
Lat iff ¢ satisfies

M (V)= Vi gla);

(2) ¢la N b) = pla) A &(b);

(3) H( @) =T ($la)), r e R;

(4) for each P(A) € W, there is a P'(B) € W' with ¢(P'(s, B)) C P(s, A)
and such that ¢(b) € P(s, A) implies b € P'(s,B).

Note that the class P'(B) in (4) is unique and because of (3), ¢(b) € P(¢,A)
implies & € P'(¢+,B) for all t.

Theorem 2. For X € Top, let L(X) be the lattice of maps X — R with an
R-action given by translations of R. For f: X — Y define L(f): L(Y) — L(X)
by L(N(g)x) = g(f(x)). Then L: Top — Lat is a contravariant functor.

Proof. Let L(X) =M ,L(Y) =N and L(f) = ¢. L is easily seen to preserve
compositions and identities. ¢ clearly satisfies properties (1), (2), and (3). To
verify (4), let I(s, A) CM with A an irreducible closed FCI set. Then cl f(A)
= B is a closed set which is also seen to be irreducible and FCI in Y. Thus
I(B) is a bounded class of closed prime ideals in N. Let g € I(s,B) and x €
A. Then ¢(g)x) = g(f(x)) <s since f(x) € B. Therefore ¢(I(s ,B)) CI(s,A).
Suppose g € N and ¢(g) € I(s,A). Since glcl f(A)) Ccl g(f(A)) C (- ,s],we
have g € I(s, B) as required.

Theorem 3. For M € Lat, let T(M) be the space whose points are the
bounded classes of closed prime ideals in M and whose closed sets are the
bull-kernel closed subsets. For ¢: N — M define T(¢p): T(M) — T(N) by
T(¢)(P(A)) = P'(B) where P'(B) is determined by property (4). Then T: Lat—

Top is a contravariant functor,

Proof. It is only necessary to prove that T(¢): T(M) — T(N) is continuous.
Let 2 ={P'(B)} be a closed set of T(N). To.show T{(¢)~1(2) = {P(A)] T($)P(A))
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€ 3} is closed suppose P(0, D) > P(0, E ;) where P(E) € T($)~1(2). Let
T(¢)XP(D)) = P'(F) and T($)P(E)) =P (G J. Thus qS(P (0, G))C P(0, E)) and
#(P'(0, F)) CP(0, D). So ¢(f‘P(o G)C ﬂqs(P (0,G)c ﬂP(o E,)C P(O D).
Then by property (4), N pr', G Jcp (0 F). Since P (G ) € X and 2 is closed,
P'(F) € 2 or P(D) € T(¢)~1(2). Therefore T(¢) is continuous. Note that T ap-
plied to a lattice L(X) is the Q construction of [5] if all irreducible closed sets
have the FCl-property.

To describe the relations between the functors L and T, two functions are
necessary. For X € Top, define 7yt X — TL(X) by 7,(x) = Icl x). For M €
Lat, define 6,: M — LT(M) by 6, (/)P(A)) = f(A) as in Theorem 1. The proof

of the following lemma is straightforward and is omitted. Lemma 4 and Theorem
5 are the analogues of §2 in [3).

Lemma 4. (1) i X TL(X) is a homeomorphism into.
(2) 7={ry}: Identity — TL is a natural transformation.
(3) Oy: M — LTM) is a lattice isomorphism.

4) 0= {0 }: ldentity — LT is a natural equivalence.
(5) T, )1'
6) L(r )0

TM) ™ 1T(M)
L(Xy~™ L.(X)

Theorem 5. T and L are adjoint functors on the right.

Proof. To show Hom (X, T(M) is naturally equivalent to Hom, , (M, L(X)),
let g: X — T(M) be a morphism in Top and ¢: M — L(X) a morphism in Lat.
Define al(g) = L(g)0,, and B(¢) = T(¢)ry. Then Balg) = B(L(g)6,,) = T(L(g)0
= T(6,)TL(g)7,, = T(GM)rT(M)(g) = lT(M)(g) =g Also af(¢) = alT(¢)r,) =
L(T(¢)TX) Oy = L(TX)LT(C}S)@M = L(TX)OL(X)¢ = lL(X)(¢) = ¢. Therefore o and
B are inverse functions. To show [ is natural suppose b: Y — X is in Top and
Y: N — M is in Lat. Consider the diagram:

M)’x

B

HomLat(M, L(X)) HomTop(X, T(M))

L))y T () h

Hom, . (N, L(Y)) om. (Y, T(N))

Let ¢: M — L(X). Going across then down gives T@/)B(¢)b = T((//)T(qb)rxb
Going down then across yields B(L(h)¢ - ¢) = T(L(b)qﬁlﬁ)fx = TWT(ATLB)r, =
T(l/I)T(¢)TXb, so the diagram commutes. The naturality for @ is proven similarly.
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3. Spaces with isomorphic lattices. Let M € Lar have an R-basis W. Re-
call from the proof of Theorem 1 that ®(M, W) is the space whose points are the
classes in W and the topology is given by the hull-kernel closed subsets. If W
consists of all bounded classes of closed prime ideals, then ®(M, W) = T(M). If
W does not contain all bounded classes, then ®(M, W) C T(M).

Theorem 6. If L(X) is isomorphic to M, then X is homeomorphic to OM, W)
for some R-base W. In particular, X is homeomorphic to O(LIX), W) where W =
{1(cl x)| x € X}.

Proof. Let ¢: LX) — M be an isomorphism. Set W = {¢l(cl x)| x € X}

where ¢l(cl x) is the equivalence class of @U(0, cl x)). Define a function b:

X — OM, W) by blx) = ¢l(cl x). Clearly b is one to one and onto. For a sub-
set CCX, h(C) ={llcl x)| x € C}. Suppose C is closed and #I(0, cly) D

N 10, cl xl.) where x, € C. Then 100, cly) D N (0, cl xl.) and clyCcllUcl x,
CC. Thus y € C, ¢l(cl y) € h(C) and h(C) is closed. Conversely, if »(C)
is closed and y € ¢l C, then cly Ccl C so I0, cl y) D N 100, cl x), x € C.
Therefore ¢I(0, cl y) D N @1(0, cl x) and ¢l(cly) € hC. Thus y € C and C is
closed. Hence b is a homeomorphism.

Since LOWM, W)~ M &~ LT(M), the inclusion O®M, W) C T(M) gives an ex-
ample of a proper subspace with the same lattice of functions. A natural question
is for which subspaces Z C X does the inclusion give an isomorphism L(Z) &
L(X)? By [5, Theorem 6], if L(Z) & L(X) then Z and X have isomorphic lat-
tices of closed sets. By $$ 2 and 3 of [3], 2 necessary condition is therefore
that Z be superdense in X. Superdense was first defined by Blanksma [3] to
mean property (1) of the next lemma. Here it is more convenient to view it as fcl-

dense.

Lemma 7. Let Z be a subspace of X. Then the following are equivalent:
(1) If P and Q are closed in X and PN Z=Q N Z then P = Q.

(2) If P is closed in X, then cl1(PN Z) =P,

(3) Z is fcl-dense in X.

Proof. Suppose P is closed in X. Since cl(P N Z) meets Z in PN Z, by
(1) c1(PN Z) = P. Conversely if both P and Q are closed and if PN Z =0 N
Z then P=cl(PNZ)=cl(QN Z)=0Q so (1) and (2) are equivalent. Assume Z
satisfies (2) and let x € X = Z. Then clx=cl{clxN Z) so x €cllcl xN Z) =
cl(x"N Z) or x €fcl Z. Thus fcl Z = X. Conversely suppose fcl Z = X and P
is closed. Clearly c1(PN Z)CP and PN ZCcl(PN Z). Let p € P —Z. Then
Up) Nclp N Z £ & and so U(p)n PN Z £ @ for all open sets U about p.
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Therefore p € cl(PN Z) or P-Z Ccl(PNZ). Thus cl(PNZ)=P and (3) is

equivalent to (2).

Lemma 8. Let Z be fcl-dense in X. Suppose g: Z — R is a map which is
bounded above on x' N Z for each x € X = Z. Then [: X — R defined by [(x) =

supif(z)| z € cl x N Z} is the unique continuous extension of g.

Proof. For x € Z, g'l((— 0, g(x)]) is closed and contains x, so g(z) <
gx) if z €clx N Z., Thus f(x) = g(x) and / extends g. Since equalizers are
fcl-closed [6, Theorem 2.1], the extension / must be unique if it exists. Since
Z is fcl-dense, clx N Z £ & so f(x) is defined for every x. To show [ is
continuous, we show /'I((r, =)) is open. Since g is continuous, g'l((r, ®)) =
U is an open subset of Z. Thus there is a (unique) open V in X with U=VnN
Z, Let x€V. Then VNneclxNZ4£@F soclxNU# @ Thus there is a z €
clxNUCeclxNn Z with g(z) > 7. Therefore f(x)>r and x € [~ (7, =)). Hence
V C /U, ). Conversely, suppose x ¢ V. Then clx CX -V and clx NZ
CZ-U. Then glclx N Z is bounded above by 7. Thus f(x) <r, x ¢ [~ 1(r, o))
and [N, ©) C V. Thus [~H(r, ©) =V is open.

Theorem 9. Let i: Z — X be the inclusion of an fcl-dense subspace. Then
the following are equivalent:

1) LG): L(X) — L(Z) is an isomorphism.

(2) Let A be closed in Z. Then A has the FCl-property in Z iff cly A
bas the FCl-property in X.

(3) Foreach x €X —Z, x' 0N Z has the FCl-property in Z.

Proof. Suppose the restriction map L(i) is an isomorphism. If cly A has
the FCl-property in X and g: Z — R is given, g extends to [ which is bounded
on cly A. Therefore g is bounded on cly AN Z and A has the FCl-property
in Z. Now suppose A has the FCl-property in Z and f: X — R is given.
Then g = /| Z is bounded above on A. Since A is closed in Z, A is fcl-dense
in cly A. By Lemma 8, the values of { on cly A are sups of the values of g
on A which are bounded. Therefore cly A has the FCl-property in X. Now
assume condition (2) and let x € X = Z. Then clx N Z =x' N Z is closed in
Z and cly (x' N Z) = cl x has the FCl-property in X. Therefore x' N Z has the
FCl-property in Z. By Lemma 8, condition (3) implies any g: Z — R extends
uniquely to f: X —R and so L(i) is an isomorphism.

A subset Z C X will be called extension dense or ext-dense in X if it sat-

isfies the conditions of Theorem 9. Thus ext-dense implies fcl-dense implies

dense and neither implication is reversible.
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Corollary 10. For each R-base W of M in Lat, ®M, W) is ext-dense in
T(M).

Proof. In the construction of Theorem 1, 8: M — LT(M) and Op: M —
L(®(M, W) are both lattice isomorphisms and are related by 6, = L(:)0. Hence
L(i) is an isomorphism. Let Z = ®(M, W) and X = T(M). Suppose x € X - Z
has a neighborhood U with UN ¢l x N Z = @. Then [ defined by f(y) = 0 if
yeclx, f()) =2 if y e X =clx and g defined by gly) =0 if y € cl x N (X = U),
g(y) =1 if y€clxn U, and g(y) =2 if y € X —cl x are two different contin-
uous functions on X whose restrictions to Z are the same. This contradicts
L(i) being one to one. Hence no such x can exist and Z is fcl-dense in X.
Then by Theorem 9, ®(M, W) is ext-dense.

Theorem 11. For M € Lat, the collection of all spaces X with L(X) iso-
morphic to M consists of all spaces homeomorphic to either T(M), which is an

fc space, or an ext-dense subspace of T(M).

Proof. If L(X) ~ M, then by Theorem 6, X is homeomorphic to O(M, W)
which, by Corollary 10, is ext-dense in T(M). Since M is isomorphic to LT(M),
T(M) is homeomorphic to T(LT(M)). But by [6, $4], T(L(Y)) is an fc space for
any space Y. Note that this theorem determines the inverse image of the epi-

reflection onto the fc spaces defined in [6].

Proposition 12. A proper ext-dense subspace Z of an fc space X is not

an fc space.

Proof. Suppose x € X — Z where Z is ext-dense in the fc space X. Since
cly x is an irreducible closed FCl set in X, cly x N Z is irreducible closed
and FClin Z. If Z is an fc space, then there is a z such that cl; z = cly «
NZ, But cly z=cly zN Z. So by Lemma 7, cly Z =cly x or z = x which

is a contradiction.

Proposition 13. ' If /: Y — Z is a homeomorphism between two ext-dense sub-

sets of an fc space X, then [ extends uniquely to an ambient homeomorphism
h: X — X,

Proof. Let x € X. Then cl x NY is an irreducible closed FCl-set of Y
hence f(cl x N Y) is an irreducible closed FCI set of Z. Therefore
cl flcl x N'Y) is an irreducible closed FCI set of X and as such is the closure
of a point, say w. Thus f(clx N Y)=clwnN Z. Define hlx) = w. The same

construction using the homeomorphism /'1 produces the inverse of b, so b is
one to one and onto. If y €Y, flcly NY) = /(clY y) = cl, &) =cl fly) N Z and also
flely N Y)=clbly)N Z. Thus cl bly) = cl f(y) by Lemma 7, or Aly) = f(y)
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and b extends f. To show b is a closed map let V be a closed subset of X.
Then VN Y is closedin Y and f(V NY) is closed in Z. Therefore there is a
unique closed set of X, W, such that f(VNY)=W NZ. To show (V) =W let
peEV. ThenclpnYCVNY, solclhlpDNZ=flclp nY)CHVNY)=WN
Z. Since Z is fcl-dense, cl h(p) CW or h(p) € W and A(V) CW. Similarly
Hh=YW)CV or WC h(V) and so A(V) =W is closed. Likewise 5! is a closed
map and b is a homeomorphism. The extension / is unique because Y is fcl-
dense.

Recall that a pc space [6] is a space where every irreducible closed set is
the closure of some point. A T space [2] is a space where the derived set x'
is closed for each x € X. A space X has the property that C(X) isomorphic to
C(Y) implies X is homeomorphic to Y iff X is both a pc and a T, space (see
[4] or [3]. To obtain the corresponding theorem for the lattices L(X), both
categories of spaces need to be enlarged. The fc spaces properly contain the
pc spaces. A space X will be called a 'TP space if for each x € X, either x
isa Gy set or x' is closed. Thus the TP spaces properly contain the T,

spaces.

Lemma 14. X has no proper ext-dense subspaces iff X is a TP space.

Proof. Suppose X has no proper ext-dense subspaces and let x € X. If x'
is closed, X — x is not fcl-dense. If x' is not closed, X - x is fcl-dense and
so there must be a map g: X —x — R which is unbounded on x'. Define u,=
g'l((n, ©)). Then U, ) v, D... is a sequence of nonempty open sets, each
meeting x and N U =g. Let V_ be the unique open set of X with V N
(X-x)=U_. If x ¢V then clxCX -V or clxCX-U_ which contradicts
Pale Un # &. Therefore x € Vn or Un U x = Vn is open. Thus V, D V2 De...
is a sequence of open sets, N V.=x, x isa G5 set,and X is a TP space.

Conversely, suppose Z is an ext-dense subset of the TP space X. If
x € X - Z, since Z is fcl-dense, x' N Z has x as a limit point. In particular
x' is not closed, so open sets V, DV, D ... exist with N V,==x. Define f:
X-x—Rby fiy)=nif yeV -V . Since NV, =x, [ is defined for all
y # x. If m is the greatest integer less than or equal 7 + 1, /'1((— o, 7]) =
(X - x) - V . and hence [ is continuous. Each Vn meets x so [ is unbounded
on x'. Let g=/|Z. Then g is bounded above on y' N Z by gly). If g is
bounded above on x' N Z, by Lemma 8 there is an extension k: X — R of g.
Then k| X - x is an extension of g and by uniqueness, [ =k|X — x. However
k is bounded above on x' by k(x). Therefore g is not bounded above on x'N

Z and g does not extend to all of X. This means Z cannot be a proper ext-

dense subset of X.
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Theorem 15. X has the property that L(X) isomorphic to L(Y) implies X
is homeomorphic to Y iff X is an fc and T space.

Proof. Suppose L(X) isomorphic to L(Y) implies X is homeomorphic to Y.
Then since L(X) ® L(TL(X)), X is homeomorphic to TL(X) which is an fc space
by Theorem 11. If X is not a TP space, by Lemma 14 it has a proper ext-dense
subset Z. By Theorem 9, L(X) & L(Z), yet X is not homeomorphic to Z since
by Proposition 12, Z is not an fc space. Therefore X is bothan fc and T,
space. Conversely let X be an fc and T, space. By Theorem 6 and Corollary
10, if L(X) = L(Y) &M, both X and Y are homeomorphic to ext-dense subsets
of T(M). But T(M) =X since both are fc spaces and Y = X since X has no
proper ext-dense subsets.

From the proof of Lemma 14 it is clear that if Z is ext-dense in X and x
is either a Gy set or has x' closed, then x € Z. Since @M, W) is ext-dense
in T(M) this means that if P(A) is a bounded class of closed prime ideals in
M and either P(A)' is closed in T(M) or P(A) is a G set, then P(A) €
B®(M, W), that is P(A) must be in the basis W. Hence the intersection of all R-
bases of M contains all those bounded classes which are G in the hull-kernel
topology or have hull-kernel closed derived sets. It follows that if the collec-
tion of all such bounded classes forms an R-basis, it must be a minimum basis
W . Then oM, Wm) isa T, space which is homeomorphic to an ext-dense sub-

set of any space Y with L(Y) ® M. Conversely, if M has a representation as

L(Z) where Z is a T, space, then such a minimum R-basis for M exists. Z,
if it exists, can be considered as a2 minimum space in the collection of all spaces
X with L(X) ® M just as the fc space T(M) can be considered as the maximum
space. These remarks prove our last theorem. The corresponding result for fc

spaces is already known [6, Theorem 4.5].

Theorem 16. Let X and Y be two T, spaces. Then LX) = L(Y) iff X
is homeomorphic to Y.
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